The resistance R(x,x') between two connected terminals in a randomly diluted resistor network is studied on a d-dimensional hypercubic lattice at the percolation threshold p c . When each individual resistor has a small random component of resistance, R(x,x') becomes a random variable with an associated probability distribution, which contains information on the distribution of currents in the individual resistors. The noise measured between the terminals may be characterized by the cumulants M q (x,x') of R(x,x'). When averaged over configurations of clusters, M¯q(x,x')~‖x-x'‖ ψ̃(q) . We construct low-concentration series for the generalized resistive susceptibility, χ (q) , associated with M¯q, from which the critical exponents ψ̃(q) are obtained. We prove that ψ̃(q) is a convex monotonically decreasing function of q, which has the special values ψ̃(0)=D B , ψ̃(1)=ζ̃R, and ψ̃(∞)=1/ν. (D B is the fractal dimension of the backbone, ζ̃R is the usual scaling exponent for the average resistance, and ν is the correlation-length exponent.) Using the convexity property and the accepted values of these three exponents, we construct two approximant functions for ψ(q)=ψ̃(q)ν, both of which agree with the series results for all q>1 and with existing numerical simulations. These approximants enabled us to obtain explicit approximate forms for the multifractal functions α(q) and f(q) which, for a given q, characterize the scaling with size of the dominant value of the current and the number of bonds having this current. This scaling description fails for sufficiently large negative q, when the dominant (small) current decreases exponentially with size. In this case χ (q) diverges at a lower threshold p * (q), which vanishes as q→-∞.
I. INTRODUCTION
The simplest geometrical properties of percolation clusters formed when each bond can randomly be either occupied with probability p or vacant with probability 1 -p are well known. The existence of a divergent correlation length g as p approaches the threshold value for percolation, p"occurs in close analogy with thermodynamic phase transitions. ' If occupied bonds are assigned unit resistance and unoccupied bonds infinite resistance, the bulk conductivity of such a random network can be formulated in terms of the percolation correlation length and a crossover exponent gtt. The average resistance between two connected points x and x' on the random network scales as ' R(x, x') -~x -x'~, and the exponent gR has 4, 5 4 been intensively studied for several years. ' Recently Rammal et al. " have considered fluctuations in the resistance R(x, x') in a network due to fluctuations in the resistances, rb, of single occupied bonds. Subsequently, de Arcangelis et al. ' have focused attention on the distribution of currents that occurs in a two-terminal measurement. The fluctuations in resistance are directly related to the distribution of currents. An infinite set of exponents was introduced to describe either of these phenomena. The principal aim of this paper is to present a comprehensive study of the properties of this set of exponents.
where g& indicates a sum over all bonds b which carry a nonzero current Ib which depends implicitly on x and x'. An equivalent formulation may be given in terms of the distribution of R (x, x') in the case when the resistance of each bond b independently has a small random component 5rb. Averages over the distribution of rb will be denoted ( ) and cumulant averages, ( ), . To lowest order in 5rb we write the cumulant average of the qth power of the resistance as" (6R(x, ') ), = g [t)R(x, ')/t) b]6 b b C = g [[M(x, x' )/t)r, ]q(5rg), I, (1.2a) (1.2b)
where 5R (x, x')=R (x, x') - (R (x, x') ). With the use of" M (x, x')/t)rb ib one see--s that Eqs. (1.1) and (1.2) are
To define these exponents consider a two-terminal measurement on an arbitrary fixed cluster in which a current I is injected at a source site x and removed at a sink site
x . This imposed current will give rise to a distribution of currents in bonds covering a region associated with x and x. A simple way of characterizing this distribution involves its moments, ' {Mz I:
Mq(x, x')= g (Ib/I) (5R (x, x')&), =M&(x, x')(5rb ), =6~(x, x' M~-: [v(x, x') M~ ( x, x') ], "/[v( x, x') ]," Some special values of q have readily identifiable physical significance. ' For example, M~(x, x') gives the average resistance between sites x and x'. Since Mo(x, x') counts the average number of sites in the backbone, g(0)
gives the fractal dimensionality of the backbone Dz. Also, M (x, x') counts the number of singly connected bonds, so that l((oo) can be identified as the fractal dimension of the set of such singly connected bonds (through which the full current I flows). In summary, 
II. ANALYTIC PROPERTIES OF CRITICAL EXPONENTS
In this section we discuss various relations which the critical exponents P(q) must satisfy. Perhaps the most important of these is the convexity relation,
We also show that the central moments of the resistance fluctuations, when each individual bond has a small random component, can be characterized by g (2) and f(3) only.
We start by discussing some simple properties of the t/i(q)'s. We may write the definition of le(q) as P(q) = lim ln gib x x'~~b av ln~x -x'~, (p=p, ), (2.2) in the notation of Eq. (1.1). =52(x, x ) p3(x, x') =53(x,x'), (2.12c) Apart from corrections to scaling, the distribution of R (x, x') associated with the average, [ ]", over cluster configurations is a scaling function described by a single exponent. ' ' Thus, in counting powers of L =~x - x' i it is permissible to decouple the averages in Eq. (2.12c) :
where A and B are functions of R (x, x'). Thus we have
More generally for percolation we expect to be able to write y) =4(4), y2 --2p (2), (2.14) so that the second term dominates. '", 
Thus the central moments depend only on P(2) and )tj(3).
All the even moments contain the term 62, which by Eq. k (2. 17) is the dominant one at large L, so that 0.120 000 000 000 00 X 10' 0.320 000 000 000 00 X 10 0.150937 50000000K 10 0.800 000 000 000 00 X 10' 0.142 75000000000 K 10' 0.192 i.e. , Physically, this occurs because the rate at which the current falls off as the size of the system is increased, is fast enough so that when the current is raised to a large negative power, it can overcome the exponential decay associated with the percolation correlations for p &p, . As a result, for q &q" there exists a critical curve p*(q) with p (q) &p, which gives the largest value of p for which Mq(x, x') is finite for a given q. To investigate this possibility we analyzed our series for negative q. We show in Fig. 4 The ladders used here are only the simplest candidates for small current configurations. However, it is significant that numerical work does show a large increase for negative q in the scaling exponents -p(q) and a(q) used by de Arcangelis et al. ' to describe the growth of V '. Although our series results do not directly probe the size dependence of the moments of the current, our results nevertheless do indicate quite clearly that the associated effect, namely, that p*(q) should become less than p"does occur.
It should also be noted that the exponential size dependence in Mq(L) only occurs for p &p*(q). For p =p*(q) we expect that A Bq-p*(q) -p and -thus that X''i' will exhibit a power law divergence for p~p*(q). The associated critical exponent yq defined by where x =vs&~is the correlation length exponent for self-avoiding walks.
The appearance of the variable m "/L expresses the fact that the size of the walk is limited to be L. The values of the constant a and the exponent y are uncertain, but y should be greater than unity and a large enough to cause the distribution to decrease rapidly as m" approaches the size L. For simplicity we set y=2.
We can now perform the sum VII. CONCLUSION In this paper we have presented a comprehensive study of the exponents 1l(q) which describe how the qth moment of the current distributions scales with the distance between the source (of external current) and the sink. Our main results are as follows.
(1 Their estimates of the exponents are consistent with ours.
They also constructed an approximant very similar to the ones we introduced in Eq. (4.1a).
